We study effective mass generation of off-diagonal gluons and infrared abelian dominance in the maximally abelian (MA) gauge. Using the SU(2) lattice QCD, we investigate the propagator and the effective mass of the gluon field in the MA gauge with the U(1) 3 Landau gauge fixing. The Monte Carlo simulation is performed on the 12 3 × 24 lattice with 2.2 ≤ β ≤ 2.4, and also on the 16 4 and 20 4 lattices with 2.3 ≤ β ≤ 2.4. In the MA gauge, the diagonal gluon component A 3 µ shows long-range propagation, and infrared abelian dominance is found for the gluon propagator. In the MA gauge, the off-diagonal gluon component A ± µ behaves as a massive vector boson with the effective mass M off ≃ 1.2 GeV in the region of r > ∼ 0.2 fm, and its propagation is limited within short range. We conjecture that infrared abelian dominance can be interpreted as infrared inactivity of the off-diagonal gluon due to its large mass generation induced by the MA gauge fixing. PACS number(s):12.38. Gc, 12.38.Aw, 11.15.Ha 
I. INTRODUCTION
The quark-confinement mechanism is one of the most important subjects in the nonperturbative QCD (NP-QCD) and in the hadron physics. From a phenomenological point of view, quark confinement is characterized by the linear inter-quark potential V (r) ∼ σr with the hadronic string tension σ ≃ 1GeV/fm, which is obtained from the Regge trajectories [1] of hadrons and also from the lattice QCD simulation [2] . This confining force arises from the one-dimensional squeezing of the gluonic flux between the quark and the anti-quark, which is actually observed in the lattice QCD simulation [3] .
On the quark-confinement mechanism, Nambu [4] first proposed the dual-superconductor picture in 1974 using the concept of the electromagnetic duality [5] in the Maxwell equation and the analogy with the one-dimensional squeezing of the magnetic flux as the Abrikosov vortex in the type-II superconductor [6] . In the dual-superconductor picture, color-magnetic monopoles are assumed to condense, and then the color-electric flux between the quark and the anti-quark is squeezed as a one-dimensional tube due to the dual Higgs mechanism [4, 7, 8] .
The possibility of the appearance of monopoles in QCD was pointed out by 't Hooft in 1981 using the concept of the abelian gauge fixing [9] , which is defined by the diagonalization of a gauge-dependent variable as Φ[A µ (x)] ∈ su(N c ). In fact, the abelian gauge fixing is a partial gauge fixing which remains the abelian gauge degrees of freedom on the maximally torus subgroup U (1) Nc−1 ⊂ SU(N c ). As a remarkable feature in the abelian gauge, colormagnetic monopoles appear as the topological objects relating to the nontrivial homotopy group, Π 2 (SU(N c )/U(1) Nc−1 ) = Z Nc−1 ∞ [9] [10] [11] [12] .
Then, the quark-confinement mechanism can be physically interpreted with the dual Meissner effect in the abelian dual Higgs theory [10, 11, [13] [14] [15] under the two assumptions of abelian dominance [9, 10, 14, 16] and monopole condensation [17] [18] [19] in the abelian gauge.
Here, abelian dominance firstly named by Ezawa and Iwazaki in 1982 [16] means that only the diagonal gluon component plays the dominant role for the NP-QCD phenomena like confinement. In 1990's, the approximate relations of abelian dominance for quark confinement [18, [20] [21] [22] and chiral symmetry breaking [23, 24] are numerically shown in the lattice QCD Monte-Carlo simulation in the maximally abelian (MA) gauge [18, [20] [21] [22] [23] [24] [25] [26] , which is a special abelian gauge in case of N c = 2.
Abelian dominance is usually discussed on the role of the diagonal (abelian) component of the gluon field. However, in terms of the off-diagonal gluon, abelian dominance can be expressed that off-diagonal gluon components are inactive at the infrared scale of QCD and can be neglected for the argument of NP-QCD. Here, abelian dominance as infrared inactivity of off-diagonal gluons may be interpreted with a large off-diagonal gluon mass. In this paper, we study the gluon propagator and the effective mass of off-diagonal gluons in the MA gauge, using the SU(2) lattice QCD Monte-Carlo simulations.
II. INFRARED ABELIAN DOMINANCE AND MASS-GENERATION HYPOTHESIS ON OFF-DIAGONAL GLUONS IN THE MA GAUGE
In the maximally abelian (MA) gauge, the nonabelian gauge symmetry SU(N c ) of QCD is reduced into the abelian gauge symmetry U(1) Nc−1 , and accordingly diagonal gluons can be distinct from off-diagonal gluons. For instance, diagonal gluon components behave as neutral gauge fields like photons, and off-diagonal gluon components behave as charged matter fields on the residual abelian gauge symmetry [9, 10] .
In the MA gauge, abelian dominance for quark confinement and chiral-symmetry breaking has been shown as the approximate relation in the lattice QCD Monte-Carlo simulations [18, [20] [21] [22] [23] [24] , and only diagonal gluons seem to be significant to the infrared QCD physics, which we call "infrared abelian dominance". In this section, we consider infrared abelian dominance and the off-diagonal gluon property in the MA gauge in the SU(2) QCD. In terms of the off-diagonal gluon, infrared abelian dominance means that off-diagonal gluon components are inactive and their contribution can be neglected at the infrared scale of QCD in the MA gauge.
As a possible physical interpretation for infrared abelian dominance, we conjecture that the effective mass of the off-diagonal gluon A
µ acquires a large effective mass M off , the off-diagonal gluon propagation is limited within the short range as r
off , since the massive particle is propagated within the inverse of its mass. Hence, in the mass-generation hypothesis of A ± µ in the MA gauge, the massive off-diagonal gluons cannot mediate the long-range interaction and their direct contribution is expected to be negligible at the infrared scale, although there remains the indirect contribution of off-diagonal gluons through the coupling to the diagonal gluon.
(This is similar to the negligible contribution of heavy mesons for the nuclear force at a large distance, where only light mesons as pions play the significant role.)
The mass-generation hypothesis on off-diagonal gluons in the MA gauge is formally expressed in QCD as follows. The QCD partition functional in the MA gauge is expressed
where ∆ FP [A µ ] denotes the Faddeev-Popov determinant [28] . Here, Φ
, which is diagonalized in the MA gauge [12, 18, 22] , and therefore the MA gauge fixing is provided by δ(Φ
The massgeneration hypothesis of off-diagonal gluons A ± µ is expressed as
Here, S 
with the U(1) Since the effective mass M off is closely related to the off-diagonal gluon propagation, especially on the interaction range, we study the gluon propagator in the MA gauge using the lattice QCD Monte-Carlo simulation. In the following sections, we aim to estimate the effective mass of the off-diagonal gluon from the numerical result of the gluon propagator in the MA gauge [18, 27] .
III. MASSIVE VECTOR BOSON PROPAGATOR
In this section, we try to understand the behavior of the massive vector boson propagator in the Euclidean metric from a simple model, for the preparation of the analysis on the effective gluon mass in the MA gauge in the lattice QCD. We start from the Lagrangian of the free massive vector field A µ with the mass M = 0 in the Proca formalism [29] ,
in the Euclidean metric. The propagatorG µν (k; M) of the massive vector boson is given as
in the momentum representation [30] . The Euclidean propagator G µν (x − y; M) in the coordinate space is obtained by performing the Fourier transformation as
For the investigation of the interaction range, it is convenient to examine the scalar-type propagator G µµ (r; M), since G µµ (r; M) depends only on the Euclidean four-dimensional distance r ≡ (x µ − y µ ) 2 . As shown in Appendix A, the scalar-type propagator G µµ (r; M)
can be expressed with the modified Bessel function K 1 (z) as
In the infrared region with large Mr, Eq. (7) reduces to
using the asymptotic expansion
for large Rez. Here, the Yukawa-type damping factor e −M r expresses the short-range interaction in the coordinate space. Then, the mass M of the vector field A µ (x) is estimated from the slope in the logarithmic plot of
This approximation seems applicable for Mr > 1 from the numerical calculation [31] .
For the massless free vector boson, the Euclidean scalar-type propagator in the Landau gauge is written as
with the four-dimensional distance r ≡ (x µ − y µ ) 2 . This exhibits the Coulomb-type interaction in the four-dimensional coordinate space.
IV. MAXIMALLY ABELIAN GAUGE FIXING
In this section, we review the maximally abelian (MA) gauge, which seems the key concept for the study of the dual-superconductor picture from the lattice QCD [18, [20] [21] [22] [23] [24] [25] [26] .
In the Euclidean QCD, the MA gauge is defined by minimizing the global amount of the off-diagonal gluon,
by the SU(N c ) gauge transformation [12, 18, 22, 35] . Here, we have used the Cartan de-
α and the covariant derivative operator
In the MA gauge, the SU(N c ) gauge symmetry is reduced into the U(1)
gauge symmetry with the global Weyl symmetry [18, 22, [32] [33] [34] . and the diagonal gluon component A µ behaves as the abelian gauge field and the off-diagonal gluon component A α µ behaves as the charged matter field in terms of the residual U(1) Nc−1 abelian gauge symmetry. In the MA gauge, off-diagonal gluon components are forced to be as small as possible, and then the gluon field A µ (x) mostly approaches to the abelian gauge field
Since the covariant derivative operatorD µ ≡∂ µ + ieA µ obeys the adjoint transformation
it is convenient to describe R off withD µ like Eq. (12), for the argument of the gauge transformation property of R off . Using the infinitesimal gauge transformation, the local gauge-fixing condition in the MA gauge is obtained as
In particular for the SU(2) QCD, this leads to i∂ µ ± eA
is diagonalized in the MA gauge.
In the SU(2) lattice QCD, the system is described by the link variable
} ∈ SU(2) with the lattice spacing a and the QCD gauge coupling constant e. The MA gauge is defined by maximizing
using the SU(2) gauge transformation. In the continuum limit a → 0, maximizing R MA leads to minimizing R off in Eq. (12) . Also in the lattice formalism, the MA gauge fixing is a partial gauge fixing on the coset space SU(2) local /(U(1) 
Here, the abelian link variable u µ (s), which is suggested to play the relevant role for confinement [18, [20] [21] [22] in the MA gauge, obeys the residual
with the gauge function ω(s) ∈ U(1) 3 .
For the study of the gluon propagator A 
using the U(1) 3 -gauge transformation (15) [18, 27, [34] [35] [36] [37] . The maximizing condition for R U(1)L leads to the Landau gauge condition ∂ µ A 3 µ = 0 in the continuum limit. By taking the U(1) 3 Landau gauge, all of the abelian link variable u µ (s) mostly approach to unity, and the most continuous gluon configuration is realized under the MA gauge fixing condition.
V. GLUON PROPAGATORS AND OFF-DIAGONAL GLUON MASS IN THE MA GAUGE IN THE LATTICE QCD A. Gluon Propagators on Lattices
In this sub-section, we consider the extraction of the gluon propagator from the link 
with a small lattice spacing a, the gauge coupling constant e and the pass-ordering operator P. Here, A a µ (s) corresponds to the coarse-grained field of A a µ (x) on the link from s to s + aμ,
and coincides with A a µ (s) approximately, when a is enough small [2] . In this paper, we regard A a µ (s) as the approximate gluon field on the lattice. Here, the gluon field A a µ (s) is described as 
and that of the off-diagonal (charged) gluon as
with the off-diagonal gluons measurements are done every 500 sweeps after a thermalization of 10,000 sweeps using the heat-bath algorism. We prepare 100 gauge configurations at each β for the calculation.
The MA gauge fixing and the U(1) 3 Landau gauge fixing are performed by the iteration of the local maximization of R MA and R U(1)L , respectively, using the overrelaxation algorithm with the overrelaxation parameter ω = 1.7 [38] . As the accuracy of the maximizing condition of R MA and R U(1)L , they are required to converge to 10 −7 per a sweep.
The physical scale unit is determined so as to reproduce the string tension as σ = 0.89
GeV/fm ≃ (420 MeV) 2 based on Refs. [39] [40] [41] [42] [43] . In Fig.1 and Table 1 [ for Mr > 1 [31] as was discussed in Section 3.
In Fig.3 , we show the logarithmic plot of r We summarize in Table 2 The systematic errors including the finite-size effect seem to be small for M off .
Finally in this section, we discuss the relation between infrared abelian dominance and the off-diagonal gluon mass M off ≃ 1.2 GeV, which is considered to be induced by the MA gauge fixing. Due to the large effective mass M off , the off-diagonal gluon propagation is restricted within about M −1 off ≃ 0.2 fm in the MA gauge. Therefore, at the infrared scale as r ≫ 0.2 fm, the off-diagonal gluons A ± µ cannot mediate the long-range force, and only the diagonal gluon A
VI. SUMMARY AND CONCLUDING REMARKS
In this paper, we have studied the gluon propagator and the off-diagonal gluon mass in the MA gauge with the U(1) 3 Landau gauge fixing using the SU (2) Since G µµ (r; M) depends only on the four-dimensional distance r ≡ (x µ − y µ ) 2 , one takes x µ − y µ = (r, 0, 0, 0) without loss of generality for the calculation of G µµ (r; M). Then, the integration in Eq.(A1) can be expressed with K 1 (z) as
with E ≡ k 2 + M 2 and ǫ ≡ E/M. Here, we have used the integration formula for the modified Bessel function,
Thus, the scalar-type propagator G µµ (r; M) can be expressed as
For the massless vector case, we use the covariant Lagrangian in the Euclidean metric,
with the gauge-fixing parameter ξ. The massless vector-boson propagator is obtained as
in the momentum representation [30] . The scalar-type propagator G µµ (x) in the coordinate space is written as
which becomes Eq.(11) for the Landau gauge ξ = 0. (2) lattice QCD with the pure-gauge standard action, using the data in Refs. [38] [39] [40] [41] [42] . In the region of 2.2 ≤ β ≤ 2.4, the lattice QCD data seem to lie on a straight line.
FIG. 2.
The SU (2) lattice QCD results for the scalar-type gluon propagators Table 2 ). Table 1 . The SU(2) lattice QCD data for √ σa, the square root of the string tension in the lattice unit, at various β for the pure-gauge standard action. These data are taken from
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Refs. [38] [39] [40] [41] [42] . N s and N τ denote the lattice size N 3 s × N τ . We add the physical length of a to reproduce √ σ=0.89GeV/fm. Off-diagonal gluon - G µµ (r) G µµ (r) G µµ (r) Table 2 
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